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II. B-SPLINES FUNCTION AND THEIR USAGE AS CARRIER

SIGNALS IN VOLTAGE SOURCE INVERTERS

B-Spline of n-th order, B n , are calculated via convolution
between B 1 and Bn-1with the integral:

B-Spline functions are essentially related to wavelets and
piecewise polynomial approximation theory [12],[13],[14]. B­
Spline functions here considered are the "Cardinal" B-Splines
recursively obtained from a base function (namely a rectangu­
lar window function) defined as:

(1)
if 0 < t < 1

elsewhere

have introduced a modified Sinusoidal PWM technique that
uses Cardinal B-Splines functions as modified carrier signals,
presenting experimental results in the case of a single phase
inverter. The B-splines carrier signal have been also use in
three phase inverter in a recent work of the authors [10] that,
using an approach that revealed to be suitable in different
experiences [11], shows in particular as the implementation of
B-spline carriers can be greatly simplified in order to obtain the
possibility of real time implementation with a greatly reduced
mathematical burden and with high frequency operation.

In fact the main drawback of the SPWM technique proposed
in [9] is the need to generate the periodic carrier signal
originally with convolution integrals or with discrete recursive
convolution sums. For high frequency carriers this is a diffi­
culty because of the great number of samples that convolution
must processes in a very small time.

This paper is the continuation of a previous work of the
authors that in [10] have introduced a real time algorithm
for the realization of the B-Spline SPWM control technique
based on the determination of the duty cycle explicit formulas.
The duty cycle allows, in fact, the real time implementation
of the B-Spline SPWM, also in the overmodulation range,
using only algebraic tools so that the algorithm is suitable for
converters with an affordable hardware and a small firmware,
also enhancing the reliability of the control technique. In
the present paper the proposed algorithm is experimentally
validated and the operation of the controlled three phase
inverter is verified in different condition.

I. INTRODUCTION

During the last years several investigations have been carried
on concerning the harmonic reduction for inverter output
voltages and currents and nowadays many control techniques
aimed to this purpose are available while some other are still
in development. Pulse Width Modulation (PWM) techniques
allow to gain great flexibility and efficiency both for mono­
phase and three-phase Voltage Source Inverters (VSI) [1], [2],
[3], [4].

The improvement of the voltage waveform has been in
general obtained with a modification in the basic PWM control
strategies, for example with zero sequence injection in the
voltage references or with programmed harmonic elimination
[4], [5].

Many of the control techniques introduced in the literature
are quite sophisticated or require some specific hardware
and/or software tools to be implemented. Some of these may
be simplified with a look-up table that stores the switching
instants only for stepped values of the modulation index [5]
while other are calculated (at most for linear modulation) with
extrapolation from the data of the same look up table.

Zero sequence signals injection for carrier based PWM are
issued to the distribution of the null (non active) switching
states within the modulation period and if this distribution
is dynamically modified, optimal control in terms of currents
THD reduction can be reached [2], [6] [7],[8].

All the mentioned PWM technique try only to modify the
modulating signal. Recently in the work [9] Saleh and Rahman

Abstract- This paper presents the implementation and exper­
imental results of an algebraic real-time Sinusoidal Pulse Width
Modulation algorithm (SPWM) based on B-Spline carriers. B­
Spline functions are used as carrier signals with the aim to
to reduce harmonic content of the three phase inverter output
voltage. The presented algorithm eliminates the problem of B­
Spline recursive evaluation with convolution integrals or convo­
lution sums in digital counterpart. The pulse pattern synthesis
is made with the help pre-calculated duty cycle expressions. In
this way there is no real need to synthesize the carrier signal
so the hardware and the whole inverter control system becomes
cheaper, more reliable and affordable.

The proposed implementation Algorithm effectiveness is finally
verified by means of experimental tests in different operating
condition (e.g, for different values of the amplitude modulation
index and for different values of the power factor) of a three
phase inverter.
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Fig. I. 3-rd and 4-rth order B-Spline as the juncti on of piecewise polynomials

Another recursive B-Spline calculation method employs the
Cox-De Boor formula [13]:

This second observation is the most important. In fact, PWM
inverter voltage spectrum consists of several sidebands cen­
tered on the carrier harmonic frequencies. These sidebands are
enveloped by carrier spectrum, so the lower is the harmonic
content of the carrier signal the lower results the harmonic
content of the inverter voltage [9].

The main disadvantage in B-Spline usage is the hard math­
ematical task for the B-Spline s generation that consists in the
recursive convolution of Eq. (2) or in the recursive Cox-De
Boor Algorithm of Eq. (4).

In the case of high frequency modulation the amount of data
under convolution process must be significant "a fortiori" in
order to ensure a precise synthesis of the B-Spline carrier.

Furthermore the determination of the fourth order B-Spline
requires, as a mandatory task, the calculation of the third order
one, because of the recursion, even if it is not directly used in
the inverter control.

To avoid the aggravation an appropriate and fast algorithms
to implement discrete convolution should be developed and
employed. However the time consuming convolutions put a
limit in term of the highest modulation frequency reachable.

In the following section the proposed implementation al­
gorithms based on the direct calculation of the inverter duty
cycle to realize B-Spline SPWM, presented for the first time
in [10] is recalled and finally experimentally validated.
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III. THE REAL TIME B-SPLINE SPWM ALGORITHM

A. Advantage in using the duty cycle for carrier based PWM
inverter control.

The duty cycle, i.e the working ratio for each inverter device
is defined as: ddev = TTo n in which Ton is the conduction

/,W M

interval of the device and TPWM is the modulation period.
It has been demonstrated in [3],[II] that for the classical

sinusoidal PWM the duty cycle expression for the N - th
phase (or the N - th inverter leg) is:

(5)

(6)d _ ~ u N - r ef + Uo
N - 2 + Vee

d - ~ u N - r ef
N - 2 + Vee

with N = 1,2, and, 3, u N -ref is the sampled reference
voltage and Vee is the DC Link voltage value. From duty
cycle it is easy to compute the switching instants.

The main advantage of the duty cycle is the low computa­
tional degree . The duty cycle explicit formula is, in fact, used
within each modulation period Tvw M once or twice at most,
respectively for symmetric or asymmetric modulation.

Definition of dN in Eq. (5) may be demonstrated from
simple geometric similitude and implies that no carrier signal
generation is really necessary. In practice an expression of
dN is available for all the known carrier based PWM control
techniques. In fact, for a zero sequence signal (namely Uo)
injected to the modulating reference u N - r ef, the duty cycle
assumes the form:

in which Bn T " is the n - th order periodic B-Spline with
period Ti: Eq. (4) is a modified version of (2).

Cardinal B-Spline were chosen as carrier signals because:

I) the well known triangular carrier signal is a second order
cardinal B-Spline as it can be easily shown from its
definition given in (2);

2) high order cardinal B-Spline exhibit a reduced harmonic
content affecting positively the harmonics of the inverter
output voltage .

t - ti tHp+I - t
Pi,p(t) = Pi,p- l(t) + PH 1,p- l(t)

t i j p - t i t i j p fl - t i f-1
(3)

In which, being {ti} a vector of knots, Pi,p are piecewise
polynomials of degree p that define a B-Spline inside the knot
spans [til tH d .

B-spline curves are so the smooth combination of different
polynomials for which the junction point (formerly the knots)
have the same derivatives.

Figure I illustrates the 3-rd and the 4-rth order B-Spline
curves as the combination of piecewise polynomi als with
continue first order derivatives:

In order to use B-Splines functions as carrier signal in
SPWM inverter control, they must become periodic with half
wave symmetry. It can be demonstrated that periodicity and
symmetry may be reached introducing the following recursive
convolution:
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The different expressions of Uo characterizes the particular
PWM technique considered. For example, in Space Vector
Modulation, we have :

Uo = -~ {min(UN-ref ) + maX(UN- ref ) } (7)
2 N=1,2,3 N=1,2,3

Other carrier based PWM control techniques presents a
different expression of Uo.

In the present paper a novel expression for the duty cycle
related to third and fourth order cardinal B-Spline is deduced.
Also in this case the deduction of dN is based on geometric
considerations.

(13)

d 1 . ( )[J3 sin (f3u) - cos (f3u) + 2]
N = "2 + siqn. UN 6

. 1 ( 5 -9 1uNI )with f3u = - arctan
3 3V10 IUNI- 9uYv - 1

for IUNI ? 1/4

Fig. 2. Duty cycle versus wt for increasing values of the modulation index
for the third order B-Spline

where UN is the reference voltage sample normalized with
respect to Vee / 2. Figure 2 shows the duty cycle pattern for
a third order B-Spline carrier.

The pattern of the duty cycles are continuous, as expected,
and exhibit a natural saturation to the upper unity value
facilitating the inverter control in the over-modulation range.

In spite of the sinusoidal reference voltage, the duty cycle
does not exhibit a sinusoidal development versus time . The
shape is quite conditioned by choice of the B-Spline polyno­
mial. In the same figure the saturated duty cycle is also shown
for m., > 1 i.e. in over modulation range. Duty cycle for the
fourth order B-Spline has a very similar shape because B 3 and
B 4 are also very similar each other, but the B 4 shape is more
"sharpen" than B3 .

The same calculations for cardinal B-Spline with order p >
4 does not conduct to a closed form in general in virtue of the
Ruffini-Abel Theorem. However these higher order B-Splines
are not practically used because they do not reduce harmonic
voltage content more than B 4[9).

Over-modulation may be easily managed considering trun­
cation of the duty cycle within the interval [0, I]. Duty cycle
outside this range has in fact no meanings.

(8)

(10)

(11)

1 . ~
dN = "2 + szgn(u) V6-6-

for IUNI < 2/3

1 (1 J3V1 - IUNI)dN = "2 + sign(uN) "2 - 6

for IUNI ? 2/3

{

128t3

B i (- 1536t3 + 768t2 - 96t + 4)
4(t) = i(1536t3 _ 1536t2 + 480t - 44)

i (- 512t3 + 768t2 - 384t + 64)

for 0 < t < k
f or '!' < t < .!.8 4

f or '!' < t < 'J.4 8

f or 'J. < t < .!.8 2
(9)

So, the following expression for duty cycle dN have been
demonstrated:

Third order B-Spline:

B. The B-Spline carrier based PWM algorithm based on the
knowledge of the duty cycle.

The complete mathematical procedure for determining the
duty cycle has been the subject of a careful analysis in [10].
Following the final results for the duty cycle of B-Spline
techniques of the third and fourth order are provided here .

As normalized B 3 and B 4 in a reference frame with nor­
malized time, used for our goals, have the following piecewise
polynomial expressions with respect to half period (See also
Fig. I again):

Fourth order B-Spline:

(12)

IV. EXPERIMENTAL RESULTS

A. A. Measurement and test bench

The proposed control algorithm for carrier based PWM
techniques has been implemented on a measurement and
test bench using the controller board dSPACE DS 1103,
and was programmed through the software package MAT­
LAB/SIMULINK. The sampling period has been set to 200
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Fig. 4. Phase voltage of the classical SPWM (triangular carrier)
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Fig. 3. The inverter test bench for the algorithm validation

us. An IGBT-VSI DPS-30 power converter, rated power 6.5
kW with a modulation frequency f PWM = 10 kHz feeding
a passive load made with variable resistance and a reactance
have been used in the tests.

The sampled phase voltages and currents were captured by
a PZ-4000 power analyzer with two differential probes (DC up
to 25 MHz bandwidth) and 3% accuracy and finally stored to
be plotted with MATLAB graphical tools . The block diagram
of the test bench is shown in Fig. 3.

B. Experimental tests.

Several experimental tests were carried out, some of which
arc hereafter reported.

In more details, the waveforms of the following quantities
are shown :

1) the phase to neutral voltage;
2) the phase current.

The tests have been made by implementing, within the same
experiment and in a single binary code, 3-rd and 4-rth order B­
spline carrier PWM control with a classical digital Sinusoidal
Modulation, that is also a way to verify that the system does
not come into over-run condition. The tests have so ensured the
presence of a great margin of computation resource availability
confirming the small mathematical burden of the proposed
algorithm.

The selection of the of the B-spline order is made by
switching on the "virtual cockpit" created with the Control­
Desk software.

The following test results show inverter phase voltage and
currents for Sinusoidal PWM (figs. 4,5), for a SPWM with
third order B-Spline (figs.6,7) and with fourth order B-Spline
(figs.89). All these tests in the linear range are referred to a
I80V, 50 Hz reference voltage . Finally an over modulation test
was also made (figs.10,11) with a nov at 50Hz reference
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Fig. 5. Phase current in the classical SPWM (triangular carrier)

voltage. The load impedance value of the presented test is
ZWAD = 24 + j36ft

Inverter output voltages are clearly different only at the level
of single pulses.

Table I shows the comparison of THD for the classical
sinusoidal PWM and for the 3-rd and 4-th order B-Spline
modulation at different reference voltage values:

the same result are shown graphically in the fig. 12
The experimental results show that the algorithm operates

correctly.
THD Values are in good accordance with those determined

in the simulation tests presented in the paper [10]. Some small
numeric differences are essentially due to the voltage fluctu­
ation on the DC-Link voltage neglected in the simulations of
the paper [10].

The current patterns of the sine-wave modulation appears
to be a bit less distorted than the B-Spline ones. As a matter
of fact an FFT analysis reveal that B-Splines introduce fifth
and seventh order harmonic components in the voltages and
currents due to the non sinusoidal waveform of the duty cycle.
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carrier type triangular

V r ef [V] 40
THD 2,5410 I 1,6493 I 1,3331

Vref [V] 80
THD 1,5007 I 1,2235 I 1,0593

V r e f [V] 100
THD 1,2351 I 1,0824 I 0,9701

Vref [V] 140
THD 0,8605 I 0,8753 I 0,7984

V r e f [V] 180
THD 0,6064 I 0,6180 I 0,5869

Vref [V] 230
THD 0,5586 I 0,5235 I 0,4949

TABLE I

COMPARISON OF THO FOR rn z SINUSOIDAL PWM AND FOR B3 AND B 4

MOD ULATION

1) reduced number of instruction with a consequent smaller
programming code;

2) only algebraic operations are required to calculate duty
cycle both in low and high voltage range;

3) cheaper and more reliable hardware to be used;
4) fast execution with the possibility to reach the maximum

PWM frequency of the inverter.

Further investigations will concern the individuation of a con­
trol strategy able to compensate the birth of fifth and seventh
order harmonic components in voltages and currents possibly
with a slight modification of the duty cycle expressions and the
study of the impact of the proposed B-Spline control algorithm
in the different application fields for which voltage source
inverters are required.

3

THO comparison

Fig. 12. Comparison among the THO values at different reference voltages
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V. CONCLUSIONS .

This paper has discussed a real time algorithm for imple­
mentation of sinusoidal pulse width modulation (SPWM) with
third and fourth order cardinal B-Spline carriers. The proposed
implementation algorithm eliminates the recursive evaluation
of Cardinal B-Splines via convolution integral or discrete sums
and have also been validated by means of experimental results.

Experimental results confirm that the B-Spline SPWM has a
lower value of voltage THD all over the operating range with
a small THD increase for currents. The voltage THD reduction
is more significant above all at low voltage but also in the over
modulation range .

The following items summarize the most interesting aspects
of the novel presented implementation algorithm:

THD reduction typical of the B-Spline is achieved because of
a bigger RMS of the fundamental component more evident at
at low voltages introduced by the spline carriers.

Despite the lower THD value, fifth and seventh harmonic
component may be polluting in the electrical system (for
network connected inverters) or to the load introducing dis­
turbances.
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